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We argue that chaotic dynamical behavior of long wave-
length gluon elds develops in a hot gluon plasma even start-
ing from a regular motion due to uctuating color exchange
with hard thermal gluons.
Initially the chaoticity of classical nonabelian gauge
elds was studied because of its possible relevance to
the color connement problem [1{3]. More recently, the
chaotic dynamics of the full classical Yang-Mills equa-
tions was investigated in numerical studies of Hamilto-
nian SU(N
c
) lattice gauge theory [4,5]. The complete
Lyapunov spectrum of the SU(2) gauge eld was cal-
culated, and it was found that the eld congurations
ergodically cover the available phase space on the time






where E is the energy per degree of freedom.
The leading Lyapunov exponent coincides with (twice)
the gluon damping rate obtained in hot perturbative
QCD [7]. This relation has been explained by point-
ing out that a classical intial value solution considers all
poles of the eld propagator in the complex frequency
plane (with positive as well as with negative imaginary
part) while the retarded or advanced propagators miss
half of the possible singularities [8].
The numerical results showing chaoticity of the ther-
malized SU(N
c
) Yang-Mills eld (in the microcanonical














, destroys the chaotic
behavior of small amplitude collective eld oscillations
(plasmons) [9]. It is our goal here to reconcile these two
ndings.
Our aim here is to derive an eective equation of mo-
tion for the plasmon eld, i.e. for vector potential Fourier
modes belonging to soft momenta of O(gT ). The non-
abelian interactions between
the plasmon and hard thermal gluons can be accounted
for by using Feynman rules for the plasmon eld and
its higher order correlations derived from the Yang-Mills
Lagrangian.
When separating the contributions of long wavelength












one realizes that due to the nonabelian nature of the eld
strength tensor non-harmonic terms containing three or
four gluon elds occur. In momentum space these give
rise to convolution integrals between the Fourier compo-
nents of the vector potential A.
In the three gluon term, if both k and p are soft mo-
menta, k + p is soft, too, describing a 3-plasmon vertex.
If either k or p is hard, then k+p is also hard. These con-
tributions lead to the 1-plasmon { 2-hard gluon vertex.
If all momenta are hard, a hard thermal 3-gluon vertex
results. Similar considerations apply to the four gluon
interaction, which yields 4-gluon vertices containing 4, 2,
1, or no soft gluon.
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FIG. 1. The one-, two, three- and four-point functions for
the plasmon. The dotted lines denote hard thermal gluons.
The solid lines denote the soft plasmons.
Fig.1 shows the bare n-point functions including one,
two, three, or four plasmon elds, denoted by solid lines.
The dashed lines indicate hard thermal gluons taken on
mass shell at the legs.
In order to obtain dressed n-point functions iterated
graphs with n plasmon legs are to be considered. In
these graphs at least one hard gluon is on-shell.
A partial resummation can be done over graphs con-
taining loops with hard momenta only (hard thermal
loops) in a gauge invariant way [6,7].
The Feynman rules depicted in Fig.1 lead to the famil-
iar plasmon self energy. Obviously, the imaginary part
originates from the iterated
plasmon one-point function, when both hard thermal
gluons are taken on-shell in the intermediate state. This
term gives rise to Landau damping, while the damping
of timelike plasmons occurs in 2-loop order, as well as in
higher order of the perturbative coupling strength, g [7].
In general the on-shell part of a graph of a given loop
order can be calculated as the square of a corresponding
tree amplitude. It describes the interaction bewtween
plasmons and hard thermal gluons. Among others color
1
exchange occurs in these processes, which is neglected by
taking the thermal average over a color neutral hard
gluon ensemble. The familiarHTL expansion therefore
does not consider the color exchange between plasmons
and hard gluons.
It might be unusual to consider a one-point plasmon
function in the description of the hot gluon plasma,
but these contributions are essential to understand the
chaotic dynamics. Namely the one-point function de-
scribes the \mean eld", the expectation value of bosonic
eld operators which behaves classically for long wave-
length components at high energy density (the reason
being that then there must be many bosonic quanta in
the same state).
The equation of motion for the plasmon eld thus in-
cludes, besides the classical contributions stemming from
the rst variation of the Yang-Mills action, two further
contributions describing interaction with hard thermal




from the dressed plasmon two-point function by detach-
ing a plasmon eld factor. This counts for the real and




stemming from the plasmon one-point function, occurs



















Here D is the dierential operator corresponding to the
classical equation of motion which includes the plasmon
eld A in nonlinear combinations.  
n
is the hard ther-










are the hard thermal loop con-
tributions to the 2- and 1-point functions.
The classical equation of motion, DA = 0, describing
the self coupling of the soft gluon elds only, leads to
chaotic behavior: small uctuations of the plasmon eld
tend to grow exponentially in time.








, is stochastic. The self en-
ergy eect due to the coupling to the heat bath of hard
gluons gives rise to a mean inertia of the plasmon eld.
For long wavelength (k ! 0) and static elds (! = 0) it























. Such a mass restricts the region of chaotic mo-













with E being the total classical energy of the plasmon
eld and V the plasma volume, has been found to control
chaos in simple, few-mode models of the Yang-Mills eld
theory [10]. For small R  0:2 chaos develops. If the
mean plasmon mass were the sole eect of hard thermal
gluons, then small amplitude plasmon elds would not
grow chaotic, as noticed by the authors of ref. [9].
We now argue that even small amplitude collective
plasma oscillation can be chaotic because of the coupling






In order to obtain the stochastic average of the plas-
mon
eld an averaging over the fast oscillatory motion and
over the thermal ensemble of dierent initial conditions
of the hard gluons is necessary. By \stochastically" av-
eraging, here denoted by h i,
the solution of the equation of motion (2), we get












i denotes the homogeneous solution of the








After averaging over fast oscillations the result still
contains color non-singlet contributions. In the solution
(4)
the stochastic source term q
PL
is of the adjoint rep-
resentation of the gauge group and hence has vanish-
ing thermal average, but it can combine with color non-




to couple so to the slow plasmon eld A. In




also contributes to this equation, since the prod-
uct of two octets itself contains octet terms. This part
describes a color exchange interaction between the slow
plasmon and the fast oscillating hard thermal gluons.




) are sensitive not only to the color singlet part of the
plasmon self-energy, but also to the stochastic non-singlet
part which corresponds to an exchange of color quantum
numbers between the plasma wave and the medium. We
will show below, in the framework of a simple example
inspired by Yang-Mills eld dynamics, how the stochastic
o-diagonal components of the mass operator can restore
chaoticity to the mean eld dynamics. Let us note here






closely related to the color transport properties of the
nonabelian plasma. The color conductivity coecient
[11,12] of thermal Yang-Mills elds is of order O(g
2
T ),
and hence we expect that the chaotic dynamics of the
plasma modes will also appear at this order of perturba-
tion theory.
By averaging over stochastic components a hierarchy
of three timescales can be identied. The hard modes
oscillate over a period of t
1
 1=T . Due to the nonabelian
coupling they inuence the soft mode dynamics on the
timescale t
2
 1=gT . Finally a thermal ensemble average
over particular hard mode trajectories is realized due to











permit the ensemble averaging of the plasmon equation
of motion (2) before solving it.
While in the general case involving innitely many
hard and soft gluonic degrees of freedom their dynam-
ical interplay
and in particular the tendencies of chaotic behavior are
rather complex, it is illuminating to consider a simplied
model retaining its essential features.
Here we build on the infrared limit of Yang-Mills eld
theory (\Yang-Mills mechanics" [1]),
reduced to two massless modes x and y, coupled to two
\hard" modes v and w which are assumed to be thermally






















































where V is the volume of the plasma. We mention that
this toy model can be obtained from the Yang-Mills ac-










(~r) = y +
p
2w cos(T n^  ~r): (6)
where n^ is the unit vector orthogonal to the polarization
directions 1 and 2, and by spatially averaging over dis-
tances large compared with the thermal wavelength T
 1
.
It is easy to see that these hard modes can be treated
perturbatively, since their potential energy term is non-








w = 0 (7)
describing harmonic modes. Assuming that T  gx; gy
the amplitudes v and w can be treated as fast variables


























If we would simply take the time-average over the fast
modes v(t) and w(t) in eq.(8), as an approximate solution





and vw in the dierential





are related to the conserved
energy of the fast oscillators with frequency T , the
\interference" term vw includes a phase dierence be-
tween the two hard oscillators. Therefore while the ther-




i, is in the order of
T
2
, the latter, hvwi, averages out to zero.
This might seem to indicate that the dynamics of the
soft modes is not chaotic for suciently small amplitudes
x and y.
We now show that this is not the case, if we consider
the full dynamics described by the equations (8). While
the time-averaging of the equations is justied as a way
of getting an approximate solution x(t); y(t), the aver-
age over the initial values of the thermal modes v; w, i.e.
the ensemble average, can only be done for the solution
and not for the equation. The reason is that the solu-









, which change only on secular timescales,
O(1=g
2
T ), due to residual interactions of the fast modes
we neglected here.
Considering small amplitude plasmons we now neglect
terms nonlinear in x or y. It is most convenient to cast



































Since the time-averaging over the fast modes can be taken
immediately but the average over the thermal ensemble
of initial conditions for v and w
only after the full solution is obtained, we proceed
with the solution of eq.(9) by nding the eigenvalues and
eigenvectors of the matrix operator on the left hand side.
(It is straightforward to check the validity of this approx-
imation by solving eq.(9) numerically.)
Seeking the solution with x; y / e
i!t

























Writing the solution of (7) in the form
v(t) = a cos(T t+ )
w(t) = b cos(T t+  ) (11)
and averaging over a time containing many periods of















; vw = ab cos(   ): (12)
The average amplitudes of fast oscillations are constant


















(1 2 jcos(   )j) : (13)
It is easy to see that for 2/3 of all possible phase dier-
ences one of the eigenvalues becomes unstable with an







) the general solution of the


























































is an odd function of v and w, proportional to vw.
Its thermal ensemble average vanishes giving rise to a





















< 0 then eq.(16) contains an exponentially grow-
ing part proportional to sinh(j!
 
jt). The thermal av-
erage of the eigenvalue equation includes an average of
cos
2
(    ) which is non-vanishing. In fact, while the
random phases in a thermal bath of hard modes aver-
age cos(  ) to zero, there are always particular phase
arrangements which lead to a negative frequency square
of one of the plasmon mode combinations. This means
that a linear combination of x and y grows exponentially
and eventually enters into the chaotic regime of the phase
space. In particular, considering an \average" case one
would take hcos
2







2). Summarizing, we demonstrated in
a simple few mode model
that the coupling of soft plasmon oscillations to hard
thermal gluons drives the soft eld amplitude into an
exponential growth and with that into a chaotic dy-
namical behavior. There are, of course, many possible
few mode approximations to the Yang-Mills eld the-
ory. Some of them (especially those which do not ex-
change color between the slow and fast oscillations) leave
the slow modes oscillating with restricted amplitudes.





























2 cos(T n^  ~r), always
lead to one exponentially growing slow mode irrespec-
tive to the initial conditions (amplitudes, phase dier-
ence) for the hard modes v and w. The example we
discussed above was generic in the sense that it showed
both screening mass generation and chaotic instability.
Including all color and polarization modes for the hard
gluon with a given momentum and using the underly-
ing O(3)  O(3) symmetry of the few mode approxima-
tion, one arrives at 3 soft and 6 hard modes coupled to
each other. This system also exhibits chaotic behavior for
some relative phases. In a general thermal ensemble there
are always hard modes suitable for making some low am-
plitude plasmons unstable and they continue to do so,
until the energy is equipartitioned between the soft and
hard modes. In conclusion, we have identied a mecha-
nism by which the chaotic dynamics of long wavelength
modes in a hot gluon plasma survives the presence of a
dynamical plasmon mass. Acknowledgements: This
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Energy (grant de-fg05-90er40592) and in part by Hun-
garian National Scientic Research Fund OTKA (grant
T-014213). S.G.M. thanks Prof. V. Gregorian, Presi-
dent of Brown University, and the Oce of International
Programs of Duke University for their support.

On leave from Theory Division, MTA RMKI, Pf.
49, H-1525 Budapest 114, Hungary
y
On leave of absence from Yerevan Institute of
Physics, Armenia
[1] S.G. Matinyan, G.K.Savvidy and N.G. Ter-Arutyunyan
{ Savvidy, JETP 53, (1981), 421.
[2] P.Olesen, Nucl. Phys. B200, (1982) 381.
[3] S.G. Matinyan, Sov. J. of Part. and Nucl. Phys. 16,
(1985) 226.
[4] B. Muller and A. Trayanov, Phys. Rev. Lett. 68, (1992)
3387.
[5] T.S. Biro, C. Gong, B. Muller and A. Trayanov, Int. J.
of Mod. Phys. C5, (1994), 113.
[6] J.C.Taylor and S.Wong, Nucl.Phys. B346, (1990), 115
[7] E. Braaten and R.D. Pisarski, Phys. Rev. D42, (1990),
2156.
[8] T.S. Biro and B. Muller, to appear in Phys. Rev. D, 1995.
[9] J.-P. Blaziot and E. Iancu, Phys. Rev. Lett. 72, (1994),
3317.
[10] S.G. Matinyan, G.K.Savvidy and N.G. Ter-Arutyunyan
{ Savvidy, JETP Lett. 34, (1981), 421.
[11] A.V. Selikhov and M. Gyulassy, Phys. Lett. B316,
(1993), 373.
[12] H. Heiselberg, Phys. Rev. Lett. 72, (1994), 3013.
4
